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Abst rac t  
A pass ive  damping method fo r  a l i g n i n g  t h e  in s t an taneous  
s p i n ,  symmetry and angular  momentum axes o f  a s o l i d ,  a x i a l l y  
symmetric almost  s p h e r i c a l  s a t e l l i t e  gyro is  analyzed.  Damping i s  
accomplished by t h e  d i s s i p a t i o n  of  energy due t o  c y c l i c  s t r a i n s  i n  
t h e  gyro body caused by i t s  torque- f ree  p recess ion .  Damping t i m e  i s  
c a l c u l a t e d  f o r  a p a r t i c u l a r  gyro design.  
PASSIVE DAMPING OF THE GENERAL 
RELATIVITY SATELLITE GYRO 
1. Damping Mechanics of Precess ing  Body 
The demands on a gyro sp in  a x i s  readout  system based on a 
p r e f e r r e d  moment o f  i n e r t i a  a x i s  a r e  s i m p l i f i e d  i f  t h e  gyro symmetry 
a x i s  w angular  momentum vec to r  1 and ins t an taneous  s p i n  a x i s  % a r e  
c o l i n e a r .  I n  g e n e r a l ,  when a spinning gyro i s  suddenly r e l e a s e d  i n  
f r e e  f a l l ,  t hese  th ree  axes w i l l  n o t  be c o l i n e a r  a s  shown i n  F ig .  1, 
r e s u l t i n g  i n  a to rque- f ree  motion of t h e  gyro about  i t s  angular  
momentum v e c t o r .  Even i f  t hese  axes were c o l i n e a r ,  an  environmental  
d i s t u r b a n c e  such a s  a micrometeori te  c o l l i s i o n  could cause c r a t e r i n g ,  
thereby  s h i f t i n g  the  symmetry a x i s  with respect to  t h e  angular  
momentum a x i s ,  r e s u l t i n g  i n  a to rque- f ree  motion. For an a x i a l l y  
symmetric gyro t h i s  motion i s  a s teady  p recess ion  of i t s  ins tan taneous  
s p i n  axis  - w and symmetry a x i s  g3 about i t s  angular  momentum a x i s  h, 
a s  shown i n  F ig .  2 from t h e  poin t  of view o f  an observer  f ixed  i n  
-3’  
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2 
i n e r t i a l  space. I n  t h i s  f i g u r e  t h e  o u t e r  cone (body cone) ,  whose 
a x i s  i s  w r o l l s  wi thout  s l i p p i n g  on t h e  inne r  cone (space cone) ,  
whose a x i s  i s  h, and t h e  l i n e  of  i n t e r s e c t i o n  i s  t h e  ins tan taneous  
s p i n  a x i s  E. This  precess ion  of  t h e  symmetry a x i s  w 
cates t h e  readout  problem; consequently,  a damping mechanism which 
a l i g n s  the  t h r e e  axes w i t h i n  a reasonable  t i m e  i s  r equ i r ed .  This  
r e p o r t  ana lyzes  a pas s ive  damping scheme i n  which energy i s  d i s s i p a t e d  
by v i r t u e  of  c y c l i c  s t r a i n s  i n  the  gyro body caused by i t s  torque- 
-3 ’ 
about & compli- -3 
,. 
3 f r e e  p recess ion .  The gyro w i l l  be considered an a x i a l l y  symmetric 
(1-1) 
A 
C 
t a n  0 = - t a n a  
2 
s o l i d ,  s p h e r i c a l  i n  shape except f o r  two d i a m e t r i c a l l y  o p p o s i t e  f l a t s ,  
which g i v e  a p r e f e r r e d  moment-of-inertia C ( p o l a r ) .  The moment o f  
i n e r t i a  about  the perpendicular  a x i s  i s  A .  The c a s e  f o r  a t h i n ,  
s p h e r i c a l  s h e l l  has been analyzed.  
The a n a l y s i s  of t h e  combined e f f e c t s  of  g r a v i t y  g r a d i e n t ,  
4,4a 
c e n t r i f u g a l  d i s t o r t i o n  and the  s t a t i s t i c s  o f  micrometeori te  c r a t e r i n g  
l e a d s  t o  an  optimum gyro diameter o f  about one f o o t . 5  
t h i s  diameter t h e  a n a l y s i s  of micrometeori te  c r a t e r i n g  g i v e s  a 
r e l a t i o n s h i p  between the  number of h i t s  p e r  y e a r ,  each of which 
could cause an  angu la r  d i s t u r b a n c e  of 0 .6  a r c  sec p e r  y e a r ,  ve r sus  
(C-A)/C. For one h i t  pe r  year t he  r a t i o  (C-A)/C fi: .01. Assuming a 
Poisson d i s t r i b u t i o n  f o r  t h e  m e t e o r i t e  f l u x ,  t h i s  g ives  a p r o b a b i l i t y  
o f  0.92 f o r  having one month o f  undisturbed d a t a .  It i s  important ,  
t hen ,  t h a t  t he  damping t i m e  be q u i t e  smaller than one month i n  o rde r  
t o  s e p a r a t e  t h e  e f f e c t s  of such c r a t e r i n g  from t h e  s p i n  a x i s  a r i e n t a -  
t i o n  d a t a .  
For a gyro of 
6 
The q u a n t i t i e s  w h ,  and g~ i n  F ig .  1 a r e  cop lane r ,  and t h e  -3’ - 
1 a n g l e s  0 a n d a  a r e  r e l a t e d  by 
so  t h a t  i f  A = Cy then h and g become c o l i n e a r  and w l o s e s  i t s  s i g n i -  
f i c a n c e .  For (C-A)/C = .01 t h e  angle  E between h a n d 2  w i l l  be  small  
and i s  g iven  approximately a s  E M [ (C-A)/C] t a n  Cy. For example, i f  
Cy = 0 .4  d e g r e e s , €  NN 14arc  sec. During i n i t i a l  gyro spinup a t t empt s  w i l l  
-3 
3 
be made t o  keep dy as small  a s  p o s s i b l e ,  but  t h e r e  w i l l  be some 
misalignment e r r o r .  The maximum al lowable e r r o r  i s  determined by 
the  to l e rance  w i t h i n  which the  s a t e l l i t e  s p i n  a x i s  m u s t  l i e  i n  i t s  
o r b i t a l  plane,  which i s  of t he  o rde r  of 0 . 4  degrees  f o r  t h e  p r e s e n t  
gyro parameters .  This  means t h a t  w3 m u s t  be known with r e s p e c t  t o  5 
t h e  gyro body 
For 
p recess  about 
given by 
1 
t o  b e t t e r  than 0.4 degrees.  
a x i a l l y  symmetric bodies the  r a t e  \Ir a t  which w 
I h f o r  the case  of f r e e  precession ( ze ro  torque)  i s  
and - w -3 
C L  * = A-C cos9 
where 0 i s  t h e  ang le  between w and h. The q u a n t i t y  @, ( l a t e r  
r e f e r r e d  t o  a s  t h e  e l a s t i c  v i b r a t i n g  frequency) i s  t h e  angu la r  ra te  
a t  which the  vec to r  moves about the body a s  viewed by an observer  
s t a t i o n e d  on the  body. The re fo re ,  i f  t he  spinning body i s  cent r i -  
f u g a l l y  d i s t o r t e d ,  an  observer  s t a t i o n e d  along w w i l l  s e e  the  body 
undergo p e r i o d i c  deformation a t  a fundamental r a t e  @ corresponding 
t o  t h e  r o t a t i o n  r a t e  of t h e  2 vec to r  about  t he  obse rve r .  This  i s  
shown r i g o r o u s l y  i n  Sect ion 3 .  Equation (1-2) can be r e w r i t t e n  w i t h  
the  a i d  of  F i g .  3 ,  which shows t h e  geometr ical  r e l a t i o n  of t h e  involved 
q u a n t i t i e s .  Since w = \ir + $/cos9 e l i m i n a t i n g  i g ives  
-3 
-3 
0 
A-C 
@ =  co se A o  (1-3)  
where % i s  t h e  i n i t i a l  gyro s a t e l l i t e  angular  v e l o c i t y .  
4 
The p e r i o d i c  deformation of an a n e l a s t i c  body g i v e s  r ise  t o  
a ra te  of energy d i s s i p a t i o n  which, among o t h e r  t h i n g s ,  depends upon 
t h e  f r a c t i o n  o f  t h e  e l a s t i c  energy which i s  d i s s i p a t e d  i n  each 
deformation o r  s t r a i n  c y c l e .  This  f r a c t i o n ,  y, i s  c a l l e d  t h e  
h y s t e r e t i c  damping f a c t o r ,  and i s  a measure of t he  i n t e r n a l  f r i c t i o n  
o f  t h e  a n e l a s t i c  body. M e t a l l u r g i s t s  who measure i n t e r n a l  f r i c t i o n  
u s u a l l y  s t a t e  r e s u l t s  i n  terms of logari thmic decrement D ,  q u a l i t y  
f a c t o r  Q ,  o r  ang le  6 by which s t r a i n  l a g s  ~ t r e s s , ~  
decrement i s  t h e  logari thm t o  the base e of two success ive  amplitudes 
o f  a f r e e l y  o s c i l l a t i n g  body. The var ious f a c t o r s  which measure 
i n t e r n a l  f r i c t i o n  a r e  r e l a t e d  as fol lows,  f o r  Q > 10: 
3 
The loga r i thmic  
(1-4) 
2Tr ll 
y - D -  Q = - - - -  tan6 . 
The e f f e c t  of i n t e r n a l  energy d i s s i p a t i o n  i s  t o  dec rease  
the  a n g l e  0 between t h e  symmetry ax i s  g3 and h, which i s  shown a s  
f o l l o w s .  
F i g .  1 can be w r i t t e n  a s  
The k i n e t i c  energy T o f  t h e  a x i a l l y  symmetric body i n  
2 1 2  T = A(w12 + w2 ) + - 2 2 cw3 
Also,  
n h 
- h = iAwl  + jAw 2 + k C w  3 
h - h  = h2 = A 2 2  (wl + w2 2 ) -k C 2 2  w3 .- -  
(1-5) 
5 
Mul t ip ly  E q ,  (1-5) by 2A and s u b t r a c t  from E q .  (1-6) t o  g e t  
h 2 - 2AT = C(C-A)w3 2 . 
Since Cw = Cwo cos6 = hcos6, so lv ing  f o r  T g i v e s  3 
T = - h2 [i - (y) cos2e]. 
2A 
For a f i n i t e  d i s s i p a t i o n ,  with c o n s t a n t  h, t h e  t i m e  r a t e  of 
change o f  k i n e t i c  energy i s  
For t h e  case  C > A ,  and f o r  a nega t ive  va lue  of T (energy 
d i s s i p a t i o n ) ,  d 6 l d t  i s  nega t ive ;  t h e r e f o r e ,  6 dec reases .  
It i s  shown l a t e r  t h a t  t h e  t o t a l  gyro e l a s t i c  s t r a i n  energy 
can be c l a s s i f i e d  i n t o  two p a r t s .  The f i r s t  p a r t  i s  independent o f  
d, and i s  r ep resen ted  a s  a dc o r  cons t an t  t e r m .  
i t  i s  dependent upon 6 and 6 and hence s lowly changing wi th  t i m e ,  but  
S t r i c t l y  speaking,  
t h i s  change i s  n e g l i g i b l e  compared with t h e  second p a r t .  The second 
p a r t  o f  t he  e l a s t i c  s t r a i n  energy v a r i e s  w i th  t i m e  a t  a r a t e  d, ,  and 
a l l  h i g h e r  harmonics of (#I u p  to  the  f o u r t h .  
p a r t  which i s  r e s p o n s i b l e  f o r  t he  h y s t e r e t i c  damping o f  p recess ion .  
I f  w e  c a l l  W t h a t  p o r t i o n  of t h e  gyro e l a s t i c  s t r a i n  energy pe r  c y c l e  
o f  stress (whose fundamental frequency i s  $), then t h e  f r a c t i o n  o f  
t h i s  energy which i s  d i s s i p a t e d  p e r  cycle  of stress i s  YW and t h e  
It i s  t h i s  t i m e  varying 
r a t e  o f  d i s s i p a t i o n  i s  yW$/2rr. This  m u s t  be equal  t o  t h e  r a t e  of 
6 
decrease i n  k i n e t i c  energy T a s  given by E q .  (1 -7 ) .  We then have 
S u b s t i t u t i n g  @ from E q .  (1 -3 )y  l e t t i n g  h = Cw and s o l v i n g  
0 
f o r  9 ,one o b t a i n s  
l/W . .  e =  2n Cw sin9 ' 
0 
Sect ions 2 and 3 d e s c r i b e  the method of determining W f o r  
a s o l i d ,  s p h e r i c a l  body wi th  p r e f e r r e d  moment-of-inertia a x i s  C y  such 
t h a t  C/A = 1.01.  There i t  w i l l  be shown t h a t  W i s  a f u n c t i o n  o f  gyro 
r a d i u s  a ,  gyro m a t e r i a l ,  s p i n  speed wo and ang le  8 a s  i n  t h e  fol lowing 
e q u a t i o n  f o r  small values  of 9 .  
2 2  4 7 2  
E 
4n P wo a 9 
r w =  ( 1 - 9 )  
where r i s  a dimensionless q u a n t i t y  which i s  a f u n c t i o n  o f  gyro 
geometry and m a t e r i a l .  
and C 
S u b s t i t u t i n g  t h i s  i n t o  E q .  (1 -8 )y  wi th  s in9  = 8 
5 
(2/5)Ma2 = (8/15)rra P g i v e s  
' 15 3 2  e = - ypw0 a re 
4E 
(1-10) 
The s o l u t i o n  of (1-10) f o r  t h e  damping t i m e  t f o r  an  i n i t i a l  
a n g l e  B i  and a f i n a l  ang le  O f  i s  
(1-11) 
7 
It remains t o  determine r ,  which i s  obta ined  from t h e  s t r a i n  
energy W f o r  a r o t a t i n g  s o l i d  sphere  i n  t o rque - f r ee  p recess ion .  
2. I n e r t i a  Force F i e l d  
Consider a s o l i d  sphe re  r o t a t i n g  about  a n  in s t an taneous  
axis w as i n  F i g .  3 .  The ins tan taneous  a x i s  of  r o t a t i o n  w i s  - - 
misa l igned  w i t h  the  angular  momentum vec to r  h due t o  some d i s tu rbance  
which has  a l s o  s h i f t e d  the  symmetry a x i s  from t h e  momentum a x i s  
by a s m a l l  ang le  8 accord ing  t o  E q .  (1-1).  I f  0 i s  assumed t o  be 
smal l  i n  comparison w i t h  t h e  s p i n  v e l o c i t y  
- 
3 
and t h e  p recess ion  '!, 
then  t h e  angular  v e l o c i t y  E can be w r i t t e n  a s  
where 8 ,  \y, @I a r e  E u l e r  ang le s  de f in ing  t h e  o r i e n t a t i o n  o f  t h e  body 
axes  x , y , z  w i th  r e s p e c t  t o  the  space axes X , Y , Z  a s  shown i n  F i g .  4 
and i ,  j ,  k a r e  u n i t  v e c t o r s  a long the axes  x ,  y ,  z r e s p e c t i v e l y .  
The angu la r  a c c e l e r a t i o n  i s  
" A A  
Assuming t h a t  8 ,  $ and Y a r e  cons t an t ,  
S u b s t i t u t i n g  (2-1)  and (2-2) i n t o  the  equa t ion  f o r  l i n e a r  
a c c  e lera t ion  
8 
and no t ing  the fol lowing approximations 13 
a = a ' = v ' = O  
-0 - - ( 2 - 4 )  
a = w2i[-x(cos 2 e + 7 c2 s i n  2 e s i n  2 @ + y(:)' s i n  2 BsinGcos# 
0 A - 
(2-5) 
c2 2 
8 + 7 s i n  Bcos Bsin@cos@ - y A 0 
sinf3cosesin@ C A + z - s inecoses in@ + z 
C c2 2 + w2i;[x : sinecosecosG + y - sinecosesinQ- 2 ;;z sin 0 A 
- x(1 - :) sinecosecos$ + y 1 - c c sinecosesinG1. 
A b  
Under the  assumption t h a t  0 i s  n e g l i g i b l e  compared wi th  r$ 
and 4, t h e  on ly  t ime-varying q u a n t i t y  i n  (2-5) i s  6 = it and t h e  
i n e r t i a  f o r c e  v a r i e s  harmonically a t  a r a t e  
from t h e  above equa t ion .  
and 2$ a s  can be seen 
I f  i t  i s  assumed t h a t  t h e  body can be approximated by a 
C 
A homogeneous sphere so t h a t  t h e  r a t i o  - i s  equal  t o  u n i t y ,  then the  
above a c c e l e r a t i o n  becomes 
9 
a = iw2[-x(cos 2 e + sin 2 esin 2 y sin 2 esin$cosG + z sinecosecosqj] 
0 - 
+ jw2jx sin 2 esin$cosqj - y(cos 2 e + sin 2 ecos 2 ~ p > +  z sinecos~sinqj] - 
0 
(2-6) 
h 2' 2 + kw Lx sinecosecosG+ y sinecosesinqj - z sin e]. 
0 
The problem is now reduced to finding the displacement field in a 
sphere subjected to an inertia force2 = - p  2. 
A general method of solution for a sphere subjected to body 
8 force was given by Chree who, as an example, has worked out the 
displacement field of a sphere rotating about a diametric axis. In 
that case the problem becomes axisymmetric but such a symmetry is 
lost when the body force field is that due to acceleration (2-6) 
which takes into account the influence of precession of the spin 
axis. 
application to the present non-axisymmetric case will be given. 
In the following, a brief account of Chree's method and its 
3 .  Displacement Field in a Sphere Subjected to Inertia Force 
Chree's method mentioned above is essentially based on the 
existence of a body force potential which is expanded in spherical 
harmonics. Consider Navier's equation o f  equilibrium 
where h and p are Lame's constants, 2 is the displacement and 2 is 
the inertia force per unit mass due to the acceleration a(= - F/p) 
10 
expressed by (2-6) .  This  may be w r i t t e n  i n  i n d i c i a 1  n o t a t i o n  a s  
- aP A 
and t h e  t r i a d  x , y , z  becomes x1,x2,x3. 
from p o t e n t i a l s  V (an n- o rde r  s p h e r i c a l  harmonic) and a ,  r e s p e c t i v e l y ,  
such t h a t  
V - 2  i s  t h e  d i l a t a t i o n ,  P , i  --  axi , i f 1 , 2 , 3  f o r  any func t ion  P 
I f  F.  and u .  a r e  d e r i v a b l e  
1 1 
t h  
n 
F. = V 
1 n , i  
u i  = a , i  
(3-2) 
t hen  (3-1) becomes 
(3-3) 
Because o f  t h e  i d e n t i t y  
(3-4) 
m-2 
'n (rmVn),kk = m(m + 2n + 1)r 
where m and n a r e  p o s i t i v e  i n t e g e r s ,  E q .  (3-4) i s  s a t i s f i e d  by 
(3-5) 
The displacement  f i e l d  corresponding t o  t h i s  Q i s ,  from 
(3-6) and  (3-3) ,  
11 
which i s  accompanied by a s u r f a c e  t r a c t i o n  
T .  = -A r(h+2p) [2n+3 % 2 'n,i +{; + -Q} 2n+3 xivn] (3-7) 1
a c r o s s  any s p h e r i c a l  s u r f a c e  r = cons tan t .  I f  a body i s  bounded by 
t h e  s u r f a c e  r = a where t h e  s u r f a c e  t r a c t i o n  i s  z e r o ,  t h e  displacement  
u i s  determined by adding t o  (3-6) the d isp lacements  corresponding 
t o  w- and @-type  solution^.^ 
i 
This  y i e l d s  s u r f a c e  t r a c t i o n s  
nh + ( 3 n + l ) ~  CY = -2 
n (n+3)h + (n+5)p 
and 
rT.  
- -  - 2(n-1)@ 
P n , i  
1 
r e s p e c t i v e l y ,  where,  i n  t h i s  c a s e ,  w and G n  a r e  t o  be taken a s  n 
w = pBIVn n 
@ = pB2Vn . n 
(3-9) 
(3-10) 
12 
For t h e  c a s e  T = 0 on r = a ,  t hese  c o n s t a n t s  B and B2 i 1 
a r e  g iven  by 
((2nf3)h + (2n+2)p} {(n+3)A + (n+5)p} 
2 (2n+3) (h+2p)p { (2n2+4n+3)A + 2 (n2+n+l)p] B =  (3-11) 1 
n{ (n+2)h + (n+l)p} a 2  
B =  2 2 (n - l )p  { (2n2+4n+3)A + 2(n2+n+l)p} 
where n i s  t h e  o r d e r  o f  t h e  s p h e r i c a l  harmonic, V . 
It can be shown e a s i l y  t h a t  t h e  i n e r t i a  f o r c e  f i e l d  due t o  
n 
(2-6) i s  d e r i v a b l e  from t h e  p o t e n t i a l  
(3-12) 
2 V = r V  + V  0 2  
where V 
g i v e n  by 
and V a r e  s p h e r i c a l  harmonics o f  z e r o t h  and second o r d e r  
0 2 
2 
V = -  
0 3 
2 
w 
0 
and (3-13a) 
2 2 2  2 w 0 V = -  (3CoS 0 + 3 s i n  Bsin qj - 2)x  
( 3 ~ 0 s  8 + 3 s i n  Bcos @ - 2)y  
2 6 
2 
+ -  
2 
2 2 2 2 wO 
6 
2 W 0 + - (3s in  e - 2)z2  + 6 
2 - w s i n  esin$cos@ xy 
- w s inecoses in@ yz 
0 
0 
- w 2 sinecosecosqj xz . 
0 
(3-13b) 
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It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  p o t e n t i a l  given by 
(3-12) and (3-13) reduces ,  as i t  should,  t o  t h a t  o f  a sp inning  sphere  
g iven  by Chree when t h e  misalignment 8 i s  set t o  z e r o .  8 
By s u b s t i t u t i n g  (3-12) i n t o  (3-6) and superposing t h e  
displacements  due t o  w - and @,-type p o t e n t i a l s  g iven  by (3-10) and 
(3-11) t o  ensure  t h e  s a t i s f a c t i o n  o f  t h e  boundary cond i t ion  on r = a ,  
a f t e r  cons ide rab le  amount o f  a l g e b r a ,  one o b t a i n s  t h e  fol lowing 
expres s ions  f o r  t he  components of t he  d isp lacement .  
n 
2 2  
2 2  2 P wo a (51+6p) 2B2 2 - -  w + B ~ W ~  cos e + ~~w~~ s i n  e s i n  15(1+2p)(31+2p) 3 o 
- 2 B  + - L + - } w  1 BIM 2 
3 1 35 3 0 
1 B1 2 
L - 2 M} wo2 COS 0 
2 
B1 } 2 s i n  e s i n  + { B 1 - 7 L - - M  1 wo 2 
+ [- B1 + 14 1 L] wo2 s i n  2 e s i n 6  cos$ y 3 
+ [- B~ + 14 1 '  LJ wo2 s i n e  case cos# z 3 
14 
1 B1 ’ 2 
3 MJ wo 2 B  + - L + -  - -  + [i 3 1 35 
+ { B ~  - 2 B1 M} wo 2 s i n  2 e cos 
- - M w o  B1 2 2  sin 8 
+ [ { - $ B l  2 
‘1 2 2  } s i n  e s i n  g z x + {Bl - 14 wo 
L] wo2 s i n  2 e s i n g  cos$ z 2 y 
+ c- B1 + 5 
2 + [$ L + B1 M] w s i n e  cos0 s in@ xyz . 
0 
2 2 u 2  = -B w s i n  8 s i n g  cos@ x . 2 0  
r ,-. 
w 2 + B ~ W ~  2 2  cos e 
0 
( 3 -  14a) 
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2 + ~~w~~ s i n  e cos y - ~~w~~ sine cos8 s in$  z 
2 3 wo2 s i n  e s in#  cos$ x 
1 B 1  2 1 B1 2 - -  B + - L + -M} wo + {B1 - 7 L - -M} wO2 COS 9 
3 1 35 3 2 
3 s ine  case s i n @  z 
wO 
B1 L - 2 M} wo2 cos29 1 - -  
1 2 - ~ w ~  s i n e  '14 o 
' I  B1 2 + {B1 - - M) w s i n  8 s i n  $ x y 2 0 
- 
1 2 2 + L B ~ +  14 L] wo s ine  cos9 s i n $  x z 
3 2 2 + [-Bl + 14 L + B1 M] wo2 s i n  8 s ing  cos$ y x 
3 2 + [-Bl + 14 L + B1 M] wo2 s i n e  cos0 s in$  y z 
1 2 2 + [-Bl + 14 L] wo2 s i n  8 s i n g  cos@ z x 
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2 2  w + B ~ W ~  cos e+ [ { - $ B l  - z L + 3 )  3 3 0  
2 2  + {B1 - 14 1 + wo s i n  e cos 
2 u = -  B w s i n e  cos8 cos@ x - B w s i n e  cos8 s in@ y 2 
3 2 0  2 0  
w 2 s i n e  cos8 s in@ y 3 
0 
r 
+ [- B1 + 14 L ] w0 2 s i n e  case sin@ x 2 y 
(3-14b) 
L + - B1 M) wo 2 - {B1 + 2 B 1 '  Mf wo 2 cos 2 8 
3 3 70 
17 
l 1  2 
+ bl + 14 L) wo2 s i n e  case cos@ y x 
+[+- B1 2 B1 2 2 
3 70 L + - 3 M} wo - {Bl + 2 M} wo cos 8 
1 
1 B1 2 - { 14 L + - M) wo2 s i n  e cos 2 
3 2 + [-B1 + 14 L + B1 M] w s i n e  cos9 cos@ z x 
0 
3 2 + [-Bl + 14 L + B1 4 wo2 s i n e  case s i n @  z y 
+ [ L + B1 M] wo2 s i n e  s i n @  cos@ xyz . 
where L =  L 
h + 2P 
4x + 14cL 
5x + 7p - M =  
( 3 - 1 4 ~ )  
(3-15) 
Terms i n  these  components o f  displacement can be c l a s s i f i e d  
i n t o  t h r e e  c a t e g o r i e s ,  t h e  f i r s t  group being the  s t eady  p a r t  which 
does n o t  depend on @ a t  a l l ,  the  second those which vary wi th  t i m e  a t  
a r a t e  i, and l a s t l y  those which p u l s a t e  a t  a r a t e  24. 
c a t e g o r i e s  which vary w i t h  time a r e  r e s p o n s i b l e  f o r  the h y s t e r e t i c  
damping o f  p r e c e s s i o n .  
The l a s t  two 
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4. E l a s t i c  S t r a i n  Energy o f  So l id  Sphere 
The t i m e  varying p a r t  of the e l a s t i c  s t r a i n  energy can be 
computed by f i r s t  t ak ing  one h a l f  t h e  d o t  product  of t h e  f o r c e  f i e l d  
-Pa, - where?  i s  given by (2 -6 ) ,  and the displacement f i e l d  2 ,  g iven  
by (3-15) ,  t o  g i v e  t h e  s t ra in  energy d e n s i t y  W '  such t h a t  
and then dropping a l l  t h e  s t e a d y  terms which a r e  independent of $. 
The amount of a l t e r n a t i n g  s t r a i n  energy W p e r  c y c l e  of p recess ion  i s  
2n 
W = s j  W' dsd d@ 
o Q  
(4-2) 
where R i s  the  volume of t h e  sphere.  By s u b s t i t u t i n g  ( 2 - 6 )  and 
(3-14) i n t o  (4-1) and (4-2) ,  and dropping terms of t h e  o rde r  of 
s i n  4 0 i n  comparison w i t h  those  p ropor t iona l  t o  s i n  2 0 ,  i t  i s  no t  ha rd ,  
a l though  t e d i u s ,  t o  o b t a i n  
+ - B  20 - -  9 l9 B M} ( 4 - 3 )  2 2 4a702 { 2 2 63 1 980 - - 630 1 W = 4 n p w  0 5a 
as t h e  fundamental component o f  t he  a l t e r n a t i n g  p a r t  o f  e l a s t i c  s t r a i n  
energy per u n i t  c y c l e  of p recess ion .  
b r a c k e t s  a s  r ' ,  one has 
Designating the  q u a n t i t y  w i t h i n  
l9 B M .  630 1 2 6 3  980 - -9 
20B1 
+ - -  - B2 r' = - 
5a 
(4-4) 
19 
Equation (4-4) may be simplified by first substituting 
X and p into the expressions for L and M of (3-15) and B1 and B2 of 
(3-ll), to get 
l+v) (1-2v) 
E(1-V) L = (  
2(7+10v). 
7-4v ' M =  
and 
- (3+v) (7-4v) (l+v) 
7E (1 -V ) (7+5~) B =  1 
2 3+2v) (l+v)a 
E (7+5V) B = (  2 
for n = 2. 
These values of L, M, B1 and B2 are substituted into (4-4) 
to get 
r (4-5) 
which is now only in terms of Poisson's ratio v and Young's modulus E. 
Equation (4-3) may be rewritten as 
2 2  4 7 2  
E W = 4rr p wo a 8 
where r is a function of v only. This value of r ,  substituted in 
(1-11) determines the damping time t for a given gyro. 
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5.  Numerical Ca lcu la t ions  
The expres s ion  f o r  damping t i m e  (1-11) may be r e w r i t t e n  i n  
the  form 
From e l a s t i c i t y  theo ry ,  t h e  maximum stress a t  t he  c e n t e r  of a s o l i d ,  
I 
8 sp inn ing  sphere i s  approximately given by 
2 2  3 + 2 v  
C I  max = pwo a (7 + 5v) (5-2) 
where V i s  P o i s s o n ' s  r a t i o .  Hence, the t e r m  pwo2a2 i n  the denominator 
o f  (5-1) i s  p r o p o r t i o n a l  t o  t h e  maximum al lowable stress f o r  t h e  
s e l e c t e d  gyro material. Since the op t imiza t ion  s tudy  r e f e r r e d  t o  i n  
S e c t i o n  1 f i x e s  the  va lue  of a to  be approximately s i x  i n c h e s ,  w f o r  
a g i v e n  m a t e r i a l  fol lows from equat ion (5-2),  g i v i n g  due allowance 
f o r  a s a f e t y  f a c t o r .  
0 
Volume e l e c t r i c a l  r e s i s t i v i t y  requirements s e v e r e l y  restrict  
t h e  cho ice  of m a t e r i a l s  t o  those between the  good conductors 
(p > 10 ohm cm) and good i n s u l a t o r s  (p < 10" ohm cm). 
germanium, s i l i c o n  and t i t an ium d iox ide ,  when p rope r ly  doped, and 
c e r t a i n  g l a s s e s  a r e  among those  which appear t o  s a t i s f y  t h e  e l e c t r i c a l  
r e s i s t i v i t y  requirements .  A t  p r e s e n t ,  t h e  h y s t e r e t i c  damping f a c t o r  
y has been ob ta ined  on ly  f o r  c e r t a i n  g l a s s e s .  Among o t h e r  t h i n g s ,  
3 The m a t e r i a l s  
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1 / Q  i s  a f u n c t i o n  of t h e  e l a s t i c  v i b r a t i n g  frequency 
equa t ion  (1-3) .  P r e s e n t  gyro parameters i n d i c a t e  a v i b r a t i o n  f r e -  
quency of about  1 t o  3 cps.  
g iven  by 
F o r t u n a t e l y ,  g l a s s  has  a m a x i m u m  va lue  
7,11,12 
f o r  1 / Q ( =  y /2n)  of about  4 X i n  t h i s  range of f r equenc ie s  
a t  room temperature .  This  makes it a promising high damping f a c t o r  
ma ter i a  1. 
I n  o r d e r  t o  determine experimental ly  t h e  approximate va lue  
t h i n  g l a s s  d i s k s  were s p u n  t o  t h e  b u r s t i n g  p o i n t  i n  a motor- ' Omax 9 
dr iven  tes t  f i x t u r e .  For such d i s k s ,  t h e  maximum stress i s  a l s o  a t  
t h e  c e n t e r  and i s ,  t o  good approximation 
For g l a s s ,  v M 0.16 so t h a t  t h e  bracketed 
and (5-3) become 0.425 and 0.395 f o r  t h e  sphere and 
Hence, t h e  m a x i m u m  stresses a r e  n e a r l y  t h e  same f o r  
f a c t o r s  i n  (5-2) 
d i s k ,  r e s p e c t i v e l y .  
i d e n t  i c a  1 
materials,  d i ame te r s ,  and s p i n  speed, t h e r e f o r e  j u s t i t y i n g  t h e  u s e  of 
d i s k s  f o r  t h i s  t e s t .  These tests i n d i c a t e d  a n  upper va lue  o f  U) of  
abou t  630 r a d f s e c  f o r  p l a t e  g l a s s ,  with a n  adequate  s a f e t y  f a c t o r .  
For CIA = 1 . 0 1  and 8 o f  t h e  o r d e r  of h a l f  degree,  t h e  e l a s t i c  
0 
v i b r a t i n g  frequency @ i s  about  one c p s ,  as seen  from equa t ion  (1-3), 
Using g l a s s  as t h e  gyro m a t e r i a l ,  t h e  fol lowing parameters 
have been determined: 
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2rr .025 = q =  
3 2 p = 2.5 X 10 kgm/m 
u) = 630 r ad / sec  
0 
a = 7.5 cm = .075 m 
B f  = 0 .1  a r c  sec 
9 .  = 0.5 degree 
1 
10 2 E = 7 X 10 newtons/m 
I, = 0.16 
The va lue  o f  r from equat ion (4 -5)  becomes r = -0.071. 
S u b s t i t u t i n g  t h i s  and t h e  above values i n t o  equa t ion  (1-11) , t h e  
damping t i m e  t becomes 8 . 2  h r s ,  a reasonable  t i m e .  
6.  Conclusion 
Using g l a s s  as a p o s s i b l e  gyro mater ia l ,  t h e  pas s ive  
damping method f o r  a l i g n i n g  t h e  gyro in s t an taneous  s p i n  axis ,  angu la r  
momentum a x i s  and symmetry a x i s  has  been shown t o  be f e a s i b l e ,  
r e q u i r i n g  about hours t o  damp from 8 = 0.5 degree t o  9 = 0 . 1  a r c  sec. 
The damping t i m e  c o n s t a n t  T = 0.83 hours.  
i s  probably r e q u i r e d  on ly  during the  i n i t i a l  gyro s p i n  up .  The 
s t a t i s t i c s  o f  micrometeori te  c o l l i s i o n s  wi th  t h i s  gyro show t h a t  
This  va lue  o f  damping t i m e  
. 
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there will be a probability of 0.92 for  no collisions within the 
period of me mmth which could cause an angular disturbance of 0.6 
arc sec per year. The effect of such a collision, however, would 
require only (0.83) (1.8) = 1.5 h w s  t o  be danped t o  zero point 
1 a,rc sec. This w i n g  time is mch smaller than one month, which 
represents the probable undisturbed period described i n  Section I. 
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Figure  1. 
General Re la t ionsh ip  of Angular Momentum, Symmetry 
and Ins tan taneous  Spin Axes of Ax ia l ly  Symmetric Gyro. 
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Figure  2 .  
Body and Space Cones of A x i a l l y  Symmetric 
Gyro i n  Torque-Free Precess ion .  
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Figure  3 .  
Angular Veloc i ty  Re la t ionsh ips  of Axially-Symme t r i c  
Gyro i n  Torque-Free Precess ion .  
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Figure  4 .  
S a t e l l i t e  Gyro Coordinates 
wi th  Respect t o  an I n e r t i a l  Frame. 
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